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Abstract 

Some topics concerning the Gould integral are presented here: new results of integrability on fi¬ 
nite measure spaces with values in a particular M-space are given, together with a Radon-Nikodym 
theorem relative to a Gould-type integral of real functions with respect to a multisubmeasure. 
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1 Introduction 

In the last years, the field of non-additive measures was intensively studied due to its many applications 
in economics, statistics, human decision making, medicine. In this field, the theory of monotonicity 
is used in statistics, game theory, probability, artificial intelligence. Alternative notions of integrals 
have also been given, for various applications in Banach lattices (see e.g. lU 121171). In fact these 
structures are often good models for function spaces, and also for studying set-valued measures or 
functions, since many important hyperspaces can be embedded in C{Q.) (see e.g. ETl l. Subsequently, 
the notions of order-type integrals have also been introduced and studied, for functions taking their 
values in ordered vector spaces, and in Banach lattices in particular: see l|3]|8]|9l[I3. On the other 
hand, the studies in set-valued analysis are motivated by many theoretical and practical contributions 
in optimal control, game theory, optimization, mathematical economics, equilibrium problems. An 
important problem in measure theory, that is the existence of a Radon-Nikodym derivative, was also 
approached by many authors in several different settings (e.g. Il5ll6lll01ll21ll91l231l261l32l i. In this paper 
essentially two interesting topics on Gould integrability are discussed: some results are obtained for 
integrability of multisubmeasures with values in ck{X) and a Radon-Nikodym theorem is established, 
in order to represent a set-valued additive measure as the Gould-type integral of a suitable real-valued 
function with respect to a fixed multisubmeasure. 

The paper is organized in five sections as follows: in the second section some basic notions and 
results are given. Section 3 contains some results on total-measurability of functions that will be used 
in the sequel, see also ETl for the finitely additive case. In Section 4 different results are stated, 
regarding Gould type integrability relative to a non-necessarily additive measure. In the fifth section 
a Radon-Nikodym type theorem will be obtained using the set-valued integral defined in Il29ll30]l . 
According to this result, a multimeasure T can be expressed like a Gould type set-valued integral 
of a function / with respect to a multisubmeasure M, that is: r(£') = J^fdM, for every E E 
under a suitable exhaustion condition and the strong absolute continuity of F with respect to M. In 
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this case, the construction of the Radon-Nikodym derivative makes use of the mentioned notion of 
exhaustion, introduced by Maynard in the scalar case and extended by other authors to the vector 
valued case: 

2 Basic notions and terminology 

Unless stated otherwise, all over this paper T is an abstract nonvoid set, J!P{T) the family of all subsets 
of T, an algebra of subsets of T and jx ■. s/ ^ [0,+oo) an arbitrary set function, with ft(0) = 0. If 
ACT, then T\A will be denoted by A‘^. The symbol m will be used for vector valued set functions. 
Now, several notions and basic results are briefly stated, for further use. 

Definition 2.1 The set function JI : [0,+oo], called the variation of /r, is defined by Jl{E) = 

n 

sup{ Y, for every E € ^(T), where the supremum is extended over all finite families of pair- 

i— 1 

wise disjoint sets C Jt/ with A,- C E, for every i € 

jj. is said to be of finite variation on if/1(A) < oo, for every Ac (or, equivalently, ifJI{T) < oo). 
Also the set function /I will be considered, defined by ft (£") = inf{/T(A); £" C A, A G j?/}, for every E G 
^{T). 

The following statements easily follow by the definitions. 

Remark 2.2 (see also ifTSl l Let ft be a non negative set function. If £" G then in the definition of 
JI the supremum could be considered over all finite families of pairwise disjoint sets {A,})Lj C £/, so 

that U A,- = £". It is ft (A) < ft (A) VA G So, if ft (A) = 0, then ft (A) = 0, VA G 

i=l 

Suppose ft is monotone and let A G with ft (A) = 0. Then ft (A) = 0. In consequence, if ft is mono¬ 
tone, then ft (A) = 0 -tA ft (A) = 0, for every A G 
JI and ft are monotone and ft (A) = ft (A), for every A G 

If ft is subadditive (a-subadditive respectively), then JI is additive (a-additive respectively) on 
If ft is finitely additive, then JI{E) = sup{ft(B)|B G £/,B CE}, for every E C ^{T) and ft (A) = ft (A) 
for every A G . 

Definition 2.3 ( 1(211 . 1(2^ Definition 3.2]) Let ft : —>■ M+ be finitely additive. 

I231al A finite or countable family of pairwise disjoint sets (£'/),g/ C sT will be called a ix-exhaustion 

of £■ G . 2 / if ft(£';) > 0 for every i G I and for each e > 0, there is no{e) = no CN such that 
no 

B{E\\JEi)<e. 

i=\ 

I231bl A set property P is said to be jx-exhaustive onE C xzT if there exists a ft-exhaustion (£■,•), of E, 
such that every Ei has P. 

I2.3[ cl A set property P is called jx-null difference if whenever A, B G £/ with ft (A) > 0 and ft(B) > 0, 
from ft(AAB) = 0, it follows that either A and B both have P or neither does. 

lOdI A property (P) about the points of T holds jx-almost everywhere (denoted ft-a.e) if there exists 
A G so that ft(A) = 0 and (P) holds on r\A. 

n 

Definition 2.4 A real function / : T ^ M is called £/-simple (shortly simple) if f = Y <Xi G M, 

i=\ 

for every / G {1,..., n}, a,- 7 ^ for i 7 ^ j, where the sets A, are pairwise disjoint elements of £/ and U, 
is the characteristic function of A, . 
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3 Totally-measurable functions 

In this section totally-measurable real functions are discussed. Let be an algebra of subsets of T 
and n : ^ [0, -|-oo) a set function with /i( 0 ) = 0 . 

Definition 3.1 A partition of T is a finite family of nonvoid sets P = j C such that A, n Aj = 

0, / 7 ^ j, and IJ A, = T. Let P = {A,}"^j and P' = be two partitions of T. P' is said to he finer 

than P, denoted by P < P' (or, P' > P), if for every y G {1,... ,m}, there exists ij ^ {I,... ,n} so that 
Bj C Aij. The common refinement of two partitions P = {A,}"^j and P' = {Byj'jLj is the partition 

Obviously, PW P' >P and P V P' > P'. The class of all partitions of T will be denoted by and 
if A G j?/ is fixed, denotes the class of all partitions of A. 

Definition 3.2 ifT^ Definition 3.2] A real function f :T —> M is said to be: 

I3.21 il p-totally-measurable {on T) if for every e > 0 there exists a partition of T such that the 
following two conditions hold: 

{ /I(Ao) < £ and 

sup |/(t)-/( 5 )| =osc(/,A,) < £, forevery/G{l,...,n}. 

t,scAi 

lOiil p-totally-measurable on B ^ .s/ if the restriction /|b of / to B is /i-totally measurable on 
{B,s^b,Bb), where £/b = {AnP;A G £/} and Pb = bIs/b- 

In case m: ^ X takes values in a Banach space X, and satisfies m(0) = 0, / is said to be m-totally 
measurable if it is with respect to the positive set function p := ||m||, provided p has finite variation. 
Analogously we define m:= ||m|| a.ndm:= \\m\\. 

n 

If f :T ^ M is simple, f = Y. then / is trivially m-totally-measurable. 

Remark 3.3 |[T3l Remark 3.3] 

I3.3l al In the condition (*) of ll20l Definition 4.2] of a totally-measurable function, instead of the 
variation of p the semivariation is used. Recall that for a vector measure m : ^ X (where 

(X, II • II) is a Banach space), its semivariation m* is defined by: 

m*{E) = sup{||m(A)||;A G .s/,A C P},VP G t^{T). 

Thus, if A G then ||ni(A)|| < m{A), which implies that m*{E) < m{E), for every E G ^{T). 
In consequence. Definition 13.21 of m-total measurability is stronger than total measurability 
according to ll20l Definition 4.2] (which is called /n*-total-measurability). Observe also that if 
m is real-valued, non-negative and finitely additive (subadditive and monotone respectively), 
then one has easily m{E) = m*{E), for every E G t^{T) {E € £/ respectively). So, in this case, 
the two definitions coincide. 

I331bl If / : P ^ R is m-totally-measurable on T, then / is m-totally-measurable on every A G £/. 
I3.31 cl Suppose m is subadditive and let {A,}f^j C £/. If f :T —> R is m-totally-measurable on every 

p 

A,-, / G {1,... ,p}, then / is m-totally-measurable on |J A,-. 

/=i 

Theorem 3.4 |[T3l Theorem 3.5] A function f : T — R A p-totally measurable if and only if there 

exists a sequence {fn)n of simple functions such that fn A- f (i.e. for every £ > 0, lim„_>oop(A„(£)) = 0, 
where A„{e) = {t G P : \ fn{t)-f{t) \ > £})■ 
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4 Gould integrability 

In this section some properties are obtained concerning Gould integrability. The Gould integral was 
defined in ll20l for real functions with respect to a finitely additive vector measure taking values in a 
Banach space. Different generalizations and topics were introduced and studied in ll4l [T3l[T5] - IT7ll29l 

1301133 . 

Here we deal with mappings m: ^ ^ C(D), with Q. compact, Hausdorff and the norm || • ||oc is con¬ 
sidered . It is well-known that this norm coincides with the unit norm || • ||m, where u is the function 
constantly equal to 1 on D. The symbol | • | denotes also the modulus in C(D). In any case many of 
the results here given are still valid in an arbitrary Banach space. 


For an arbitrary real function f :T —)• M, the symbol Om{f-,P) (or, if there is no doubt, 

n 

or CJ(P)) denotes the sum ^ f{ti)m{Ai), for every partition of T, P = and every f,- G A,, / G 

i=l 

Definition 4.1 A real function f :T —)• M is said to be 

ani) (Gould) m-integrable on T if the net (o'(P))pg(.^,<) is convergent in C{Q.), where is or¬ 
dered by the relation ” < ” given in Definition 3.1. If (<7(P))pg(.^,<) is convergent, then its 
limit is called the Gould integral of f on T with respect to m, denoted by (G) fj fdm (shortly 
Jr/dm). 

l4Aliil m-integrable on B ^ if the restriction /|b of / to P is m-integrable on (B,s/B,mB). 

Remark 4.2 / is m-integrable on T if and only if there exists a G C(D) such that for every e > 0, 
there exists a partition Pg of P, so that for every other partition of P, P = {A,}lPj, with P > Pg and 
every choice of points q G A,-,/ G {1,...,«}, one has ||cj(P) — a||oo < £. 

Proposition 4.3 Let m: ^ C{L1) be any mapping, and f \T —M Zjp any Gould-integrable mapping 
with respect to m. Then, if A is any fixed element of £/, the mapping fl^ is integrable too. 


Proof. Denote with J the integral of / and fix any £ > 0: then there exists a partition P G such that 


f{ti)m(I) - J 

l€P' 


< £ 


holds, for all partitions P' finer than P. Now, denote by Pq any partition finer than P and also finer than 
{A,P \A}, and by Pa the partition of A consisting of all the elements of Pq that are contained in A. 
Next, let ITa and 11^ denote two partitions of A finer than Pa, and extend them with a common partition 
of P \A (also with the same tags) in such a way that the two resulting partitions, denoted by IT and IT', 
are both finer than P. So, 


a(/,n) - a(/,n')||„ < ||a(/,n) -7||. + ||7- a(/,n')||. < 2 £. 


Now, setting: 

«i := Y «2 := Y P'= Y 

IGTIa IGTIa Ienj(zA‘= 

(with obvious meaning of the symbols), one has 2e > ||ai + li\\oo = ||o;i — a 2 ||~- By arbi¬ 

trariness of IIa and 11^, this means that the sums a(/,nA) satisfy a Cauchy principle in C(D): since 
this space is complete with respect to its norm, the assertion follows. ■ 
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Example 4.4 Some examples are given here: 

I4.41 a~) Let T be a finite set, C{Q.) and f :T —)■ M be arbitrary. Then / is Gould 

m-integrable and Jjfdm = ^ f{t)m{{t}). 

teT 

mb) \fm\ C{Q.) is finitely additive and f : T —)• M is simple, / = a, • 1 a,, then / is Gould 

1=1 

n 

m-integrable and Jjfdm = ^ a, ■m{Ai). 

i=\ 

Concerning the relationship between total measurability and Gould integrability, in EOl Theorem 
4.7] it is proved that if m : —)■ X is a finitely additive Banach valued measure and / : T —)■ M is 

bounded, then / is Gould m-integrable if and only if / is m*-totally-measurable. This fact allows us 
to deduce that, as soon as m : £/ C{Q.) is finitely additive, if a function / is Gould integrable then 

also I/I is: indeed, m*-total measurability of / implies the same for |/|, since the oscillation of |/| is 
less than or equal to that of /. Also in IT^ Theorem 2.16] it is shown that if jx : ^ ^ [0,+oo) is a 
submeasure of finite variation and / : T —)■ M is bounded, then / is Gould /i-integrable if and only if 
/ is /x-totally-measurable. Evidently, this equivalence is no longer valid in the present setting. The 
previous example l4^ b) can be improved as follows. 

Proposition 4.5 Let £/ be a o-algebra, and m : ^ C{L1) be finitely additive, and assume that 

is a countable family of pairwise disjoint elements of s/, such that lim„ m(U/>„Ay) = 0. Then, 
the function / : T —M defined as f = I^„c„1a„ is Gould-integrable as soon as the sequence (c„)„ is 
bounded in M; in this case, Jjfdm = l^„c„/n(A„). 

Proof. Under these assumptions, it is clear that the real-valued series I^„|c„|m(A„) is convergent, 
hence the series l^„c„m(A„) is convergent in C(n). Define now S := and fix £ > 0. Then there 

exists A € N such that m(Uj>A?Aj) < £. Therefore 

^ \cj\m{Aj) < Ke 

j>N 

where K is any bound for |c„|, n G N. Set now F := and choose any partition P of T, finer 

than {F,S\F,T \5'}. Setting P = {(B,/,),/ = 1..,^} then one has 

k 

Y^f{ti)m{Bi) = Y^f{ti)m{Bi) -h ^/(6)m(B,-), 
i=\ ieh i&h 

where / = {/: B, C F}, h = {/: B, C S\F}. Of course 

N 

Y^f{ti)m{Bi) = Y^Cjm{Aj) 
iGh j=l 

and 

11 £ f{ti)m{Bi) 11„ < Xm(Uy>wAy)) < Ke. 
i&h 

So, 

k 

\\Y^f{ti)m{Bi)-Y^Cnm{An)\U < II X + X k;l^(^,/) <2X£. 

/=1 n iel 2 j>N 

This concludes the proof. ■ 


Later, also the following concept will be useful. 
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Definition 4.6 A set function m \ ^ C(fl) is said to be subadditive if m(A UB) < m{A) +m{B) 

holds, as soon as A,B G A PlB = 0. 


Definition 4.7 Given a mapping m : s/ —> C(fl), such that m(0) = 0, m is said to be Gould-integrable 
if the constant mapping 1 is, with respect to m. 

By the Proposition 14.31 then m is integrable in every measurable set A C T. Moreover, denoting by 
A„,(A) the integral of m in A, the mapping A i—)■ Am(A) is finitely additive, as proved in the following. 

Proposition 4.8 In the conditions above, the function defined in as Am(A) = Jj^dm, is additive. 

Proof. Fix two disjoint sets A and B in and fix e > 0. By infegrabilify of m on A UB,A,B fhere 
exisf: 

14.81 1) a partition P\ of AUB such fhaf ||a(l,P') — Am(A UB)||oo < e for all partitions P' of AUB finer 
fhanPi, 

14812) a partition Pa of A such fhaf ||a(l,P') — A,„(A)||oo < £ for all partitions P' of A finer fhan Pa, 

14.81 3) a partition Pb of B such fhaf ||a(l,P') — Xm{B) ||oo < £ for all partitions P' of B finer fhan Pg. 

Now, faking any parfifion P of A U P, finer fhan P \, Pa and Pb, one has 

||A,„(AUP)-A„,(A)-A,„(P)|U < ||A„,(AUP)-a(l,P)|U+||a(l,PA)-A^(A)||^ + 

+ ||a(l,PB)-A,„(B)||oc <3£ 

where Pa and Pb are fhe sub-parfifions of P fhaf are parfifions of A and B respecfively. Since £ is 
arbifrary, fhe proof is complefe. ■ 


In ofher words, m is Gould-infegrable if and only if fhere exisfs a finifely addifive measure Xm : 
—)• C(fl) such fhaf, for every sef A G . 2 / and for every £ > 0 a parfifion P G can be found, such 
fhaf 


^ m(/nA) - A,„(A) 

l€P' 


00 


< £ 


holds, as soon as P' is finer fhan P. When fhis is fhe case, fhen is called fhe integral function of m. 
Clearly, m is addifive if and only if if is infegrable and m = A,,,. 


Proceeding like in fhe proof of l|8j Proposifion 6], one can deduce fhe following resulf. 


Proposition 4.9 Let f T ^ R fjc any integrable function. Then there exists a sequence (P„)„ of 
partitions such that, for every n it is 

£ Ob{f,E) < 

Em « 


where 


Ob{f,E) = sup 


L f{t)m{E")-Y, f{s)m{E'] 


£"en" 


£'enf 


, VfGP",5GP'L 


and run along all partitions ofE. 
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Proof. First observe that, thanks to the Cauchy criterion, a sequence (P„)„ of partitions exists, such 
that, for every integer n 


^ f{s)m{F')- £ f{t)m{F") 
F'eU' F"en" 



( 1 ) 


(with obvious meaning of symbols) holds, for all partitions IT', IT" finer than P^. Now, take any integer 
n and, for each element E of n„, consider two arbitrary subpartitions and Then, taking the 
union of the subpartitions IT^ as E varies, and making the same operation with the subpartitions IT^, 
two partitions of T are obtained, finer fhan Pn, for which ([T]l holds frue. From ([T]), obviously if follows 

f{s)m{p')- Y f{t)m{E'') (2) 

F'en' F"en" ” 

Now, lef El be the first element of n„. In the summation at left-hand side, fix all fhe E's and fhe 
fhaf are nol confained in Fi. Taking fhe supremum when fhe remaining E's and E”s vary in all possible 
ways, if follows 

supa(/,n^,)-infa(/,n",)+ £ f{s)m{E')- £ f{t)m{E")<-, 

F'en', F"en", ” 

F's^Fi F"5 z;Fi 

namely 

Ob{f,Ei)+Y f{^)m{E') - Y f{t)m{E'')<-. 

F'en'. F"en", ” 

F'5z;Fi F"5z;Fi 

In fhe same fashion, fixed all fhe E' and E” fhaf are nof confained in fhe second subsef of IT, (say E 2 ), 
and making fhe same operation, if follows 

Ob{f,Ei) + Ob{f,E2)+ Y Y fitME'')<- 

F'en', F"€n", ” 

F'5z;FiUF2 F"<tEiUE2 

Now, if is clear how fo deduce fhe asserfion. ■ 


The following resulfs slate an easy consequence of Proposition 14.91 


Corollary 4.10 Let g : T be any Gould-integrable function. Then there exists a sequence {Pn)n 
of partitions, such that, for every n and every partition Tl finer than P„ 


aisi) 


Y 8{^E)m{E)- / gdm 

Een Je 



Corollary 4.11 Assume that m is integrable. Then a bounded function f :T —)■ M F Gould-integrable 
with respect to m if and only if it is with respect to Xm, and the two integrals agree. 


Proof. Assume fhaf / is integrable wifh respecf fo m, and denote by K any majoranl for |/|. Now, fix 
arbilrarily e > 0: correspondingly, fhere exisfs a partition Pi such fhaf 


Yf{ti)m{I)- [ fdm 

< e i.e. 

Yf{ti)m{l)- [ fdm 

l€P -'E 

00 

leP -'e 


< eu 
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holds, for every partition P, finer than Pi. Let n be such that 1/n < £, by the Corollary 14.101 for g = 1, 
there exists also a partition P 2 such that 

^ \m{E) - X,n{E)\ < eu 
Sen 

holds, for every partition IT finer fhan P 2 . So, if P is any parfifion finer fhan Pi V P 2 , one gefs 


'Lmui) 

I 


[ fdm 

< 

h 



£[/(0)A„,(/)-/(0)m(/)] + 

/ 

< ^l/(0)(A,„(/)-m(/))|+£M< 

I 

< KY^\m{l)-Xm{l)\ + eu<{l+K)eu. 


- f fdm 
1 JT 


< 


So 


^/(0)A,„(/)- / fdm 


<{l+K)e. 


This clearly suffices fo conclude fhaf / is infegrable wifh respecf fo and fhe fwo infegrals agree. A 
similar argumenf can be used fo prove also fhe reverse implication, hence fhe proof is finished. ■ 


5 A Radon-Nikodym type theorem 

This secfion deals wifh a Radon-Nikodym fype fheorem for mulfimeasures using fhe notion of exhaus¬ 
tion, following a mefhod of Maynard I[^l24] - l261l281[32ll . Firsfly, fhe sef-valued Gould fype integral, 
infroduced and sfudied in II151I161I291 . will be recalled. 

Lef (A, II • II) be a real Banach space wifh fhe mefric d induced by fhe norm || • ||, Px its unif ball 
and ck{X) fhe family of all nonempfy compacf convex subsefs of X. By -|- fhe Minkowski addition will 
be indicated. Lef h be fhe Hausdorff mefric on ck{X). If is well-known fhaf {ck{X),h) is a complete 
mefric space (see for example ifTTl Theorem 11-14]). Finally, for any bounded sef A as above, |A|/, 
denotes fhe disfance /j(A,{0}), where 0 is fhe origin of X. As fo fhe Hausdorff disfance h, defined 
among bounded subsefs of X, we recall fhaf 

h{A,B) = max{e{A,B),e{B,A)}, 

where fhe excess e{A,B) is defined as e{A,B) := sup^g^r/(a,P). In particular 
Remark 5.1 If A C P, fhen e{A,B) = 0 and h{A,B) = e{B,A). 

Moreover, observe fhaf for any non-emply bounded sef A C X, and any pair {h,b) of elemenfs of X, 

\d{h,A)-d{b,A)\ < \\b-h\\. 

Indeed, lef a := ||f? — /j|| and fix arbifrarily £ > 0. Then fhere exisfs a G A such fhaf 

d{h,A) > d{h,a) - £ > d{b,a) - a - £ > d{b,A) -e-a. 

By arbifrariness of £, if follows fhaf (i(/i,A) — (i(f7,A) >—a, i.e. d{b,A) —d{h,A) < a. Exchanging fhe 
roles befween/j and ( 7 , one. obtains d{h,A) — d{b,A) < a and fherefore \d{h,A) — d{b,A)\ < ||f7 —/j||. 
Anofher useful facf is fhe following: for every pair of bounded subsefs A,P C X, e{B,A) = e{cl{B),A). 
Of course, since P C cl{B), if is clear fhaf e{B,A) < e{cl{B),A). Viceversa, fix £ > 0: fhen an elemenf 
j G cZ(P) exisfs, such that d{j,A) > e{cl{B),A) — £/2. Now, lef /j G P be such fhaf ||/7 — ill < £/2: fhen 
\d{h,A) — d{j,A)\ < ejl, and so e{B,A) > d{h,A) > d{j,A) — £/2 > e{cl{B),A) — e. By arbifrariness 
of £, fhis gives fhe reverse inequalify and fhe proof is complete. 
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Now we can prove the following result. 

Proposition 5.2 Let (A„)n be any increasing sequence of compact convex subsets ofX, and assume 
that a compact convex set K exists, such that A„ C K for all n. Then lim„/i(A„,7) = 0, where J := 

Proof. First of all, observe that J is compact and convex. Of course, since A„ C A„+i C J for every n, 
it is sufficient to prove that lim„e(7,A„) = inf„e(7,A„) = 0. 

By contradiction, assume that a positive number a exists, such that e{J,An) > cc for every integer n. 
By the previous remarks, we see that e{J,A„) = e{H,A„), where H = IJn^n- Thus, by the contradiction 
assumed, one has e{H,An) > a for all n. Therefore, for every n an element bn ^ H can be found, such 
that d{bn,A„) > a/2. Since the elements bn also belong to J, there exists at least a subsequence norm¬ 
converging to some element j € J. Now, if one fixes a positive number e < a/4, fhere are infinife 
infegers n, such fhaf ||^n, — y || < £ and fherefore 

d{j,An,) > d{bn„An,) - £ > a/4. 

Buf // is dense in J, so fhere is some element h £ H so close to j that d{h,An/) > a/8 for every index 
i. However an index i exists, such that h E A„. and this implies d{h,An/) = 0, contradiction. ■ 

Definition 5.3 A multifunction M : ^ ck{X) is said to be a multisubmeasure ([12]) if: 

(I531 i) M(0) = {0}, 

(I5.3l ii) M{A) C M{B) , for every A,B £ with A C B (that is, M is monotone on £/) and 

(I5.3l iii) M{AUB) C M(A) +M{B), for every A,B £ £/, with A PlB = 0 (or, equivalently, M(AUB) C 
M(A) +M(B), for every A,B £ £/). 

If in (I5.31 iiil there is an equality then M is said to be a multimeasure that is, M is finitely additive. 
Examples are given in ifTTl . 

Definition 5.4 Let M : £/ ck{X) be a multivalued set function, with M(0) = {0}. Consider the 
following set functions associated to M: 

I5.4l i) \M{-)\h defined by |M(A)|/, = h{M{A),{0}) = sup{||x|| : x £ M{A)} for every A£ 

n 

I5.41 ii) vm(-) defined by vm{A) = sup{ ^ |M(£',)|/,}, for every A E , where fhe supremum is ex- 

i—\ 

fended over all finite partitions of A. vm{-) is said fo be the variation of M. M is said 

fo be of finite variation if vm{T) < 

In fhe sequel, let M : ck{X) be a mulfisubmeasure of finite variation and f :T —> M a real 

function. According wifh fhe Definition 13.21 / is said fo be 

Definition 5.5 VM-totally measurable {on T) if for every £ > 0 there exists a partition of T, {A, }/^q C 
si, such that: 

15.51 a) vm{Aq) < £ and sup \f{t) —/(i')| = osc (/,A,) < £, for every / E {1,... ,n}. 

t.seAi 

n 

Let a(P) = Of^M{P) = L f{U)M{Ai), for every partition P = {A,};=i of T and every f, E 
/=! 

Ai,i= l,...,n. 
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K5\h) f is M-integrable (on T) if the net (<7 (/’))/>g(^,<) convergent in {ck{X),h) (where is the 
set of all partitions of T and ” < ” is the order relation on ^3^ given in Definition 3.1-II. 

Its limit is called the integral of f on T with respect to the multisubmeasure M and is denoted 
hy frfdM. 

I531ci If B € . 2 /, then / is said to be M-integrable on B if the restriction /|b of / to B is M-integrable 
on (B,£/b,Mb). 

In other words, / is M-integrable in T if there exists an element J E ck(X), such that for every 
e > 0 there exists a partition P ^ with the property that h{a{P'),J) <£ holds true, for every parti¬ 
tion B' finer fhan P. 

Observe now fhaf an embedding fheorem given in |[22]| can be used in order fo replace fhe multi¬ 
valued infegral above wifh a single-valued one, af leasf for positive integrands /. 

Theorem 5.6 ( 11221 Theorem 5.6]). LetX be any Banach space. Then there exist a compact, stonian, 
Hausdotff space Q. and an isometry U : ck{X) ^ C(0) such that 

ESI) U{aA -b pc) = aU{A) + pU{C)for all a, jS E M+ andA,C E ck{X). 

l5S2i h{A,C) = \\U{A)-U{C)\\ooforallA,CCck{X). 

15.61 3) U{ck(X)) is norm-closed in C{D.). 

l5S4i f/(^(AUC)) =max{f/(A),f/(C)}, \/A,Ceck(X). 

This leads fo fhe following 

Definition 5.7 Define Um '■ C(D) as Um{E) = U{M{E)) for all E E The mapping Um will 
be called fhe embedded mapping of M. A mapping f \T ^ Mq is said fo be Gould-infegrable wifh 
respecf to Um if it satisfies Definition 14.11 

Then: 

Theorem 5.8 LetM : —)• ck{X) be any multisubmeasure, and let f :T Rq be any fixed function. 
Then f is Gould-integrable with respect to M, with integral J, if and only if it is Gould-integrable with 
respect to Um cind its integral is j. Then the two integrals satisfy: U (J) = j. Einally, in these cases, 
/1a is integrable for every A^ si. 

Proof. Firsf, assume fhaf / is Gould-infegrable wifh respecf fo Um^ and denote by 7 ifs infegral. This 
means fhaf fhe filtering nef (f7(a(l,P))p is convergenf fo j, hence if is Cauchy in C(D). Then, also fhe 
nef (a(l,P))p is Cauchy in ck{X): by completeness of fhis space, (a(l,P))p has limit J in ck{X). By 
continuity of U, it is then clear that U (J) = j. A similar argument can be used to prove the converse 
implication, so to conclude the proof it only remains to deduce integrability of / in every subset A E si, 
and this is a consequence of integrability of / with respect to U (M): indeed, fixing any subset A ^ si 
and any positive e in R, a partition P exists, finer than {A, T \ A}, such that 

||a(/,P')-a(/,P")IU<£ 

holds, for all partitions P' and P" finer than P. So, choosing two partitions of A, say IT^ and IT^, both 
finer than Pa (i.e. P restricted to A), and extending them to A'^ with a unique partition finer than Pa^, 
then two partitions, P' and P", can be found, both finer than P, and coincident in the set A^: these 
partitions satisfy 

£ > ||a(/,P') - o{f,P'')\U = \\o{f,K) - a(/,n")||„. 
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By completeness of C(n), this is enough to deduce integrability of /l^. ■ 

In the sequel, also the notion of Gould-integrability of a multisubmeasure M is needed (see also 
Definition 14.71) . 

Definition 5.9 Given a multisubmeasure M ■. —>■ c^(X), it is said to be integrable if the indicator 

function f{x) = 1a is Gould-integrable with respect to M for every A G £/. Then the notation 

Mo(A) := J lAdM:= j IdM, 

is used, for A G £/. This means that, for every element A ^ there exists an element Mq{A) ^ck{X) 
such that, for every £ > 0 a partition P G can be found with the property that 

/j(£M(/nA),Mo(A))<£ 

l€P' 

holds, as soon as P' is a finer partition than P. 

Taking into account of previous results, it follows 

Theorem 5.10 Let M be a multisubmeasure of bounded variation. If M is ck{X)-valued, then M is 
integrable if and only if there exists a convex compact set K such that <j{l,P) C Kfor all partitions P. 
When this is the case, then 


j^M = cl (U{a(l,P):PGi^(r)}). 

Proof. Sufficiency: first of all, thanks to bounded variation, all the sums a(l,P) := 
compact convex sets contained in K for all partitions P. Moreover, thanks to subadditivity, the sums 
above are a filtering family in ck{X). In order to prove the existence of the integral, it is enough 
to show that the map P i-7> a(l,P) is Cauchy, since ck{X) is a complete space with respect to the 
Hausdorff distance. Assume by contradiction that the Cauchy property does not hold: then there exists 
a positive number e such that, as soon as P is any partition of P, a couple {P',P”) of finer partitions 
exists, satisfying /j(a(l,P'), a(l,P")) > e. Since the refinement order is filtering, this allows to find a 
sequence (P„)„ of partitions, increasing in the refinement order, and such that h{a (l,P„),a(l,P„+i))> 
£ for all n. Now, since a(l,P„) is an increasing sequence of elements of ck{X), Proposition |5]2] applies, 
and the limit lim„ a(l,P„) exists, with respect to the Hausdorff distance: but this contradicts the fact 
that /j(a(l,P„), a(l,P„+i)) > £ for all n. So this part of the theorem is proved. 

Necessity: choose any partition P of P, P = {Ei,...,Ek), and fix arbitrarily £ > 0. By integrability, 
there exists a partition Pg such that, for every finer partition P' it holds 

h{a{\,P'),j^M^<e, 


from which 

a{l,P')c J^M + eBx. 

Therefore, choosing P' ■.= P^W P, and thanks to subadditivity of M, it follows 

a(l,P)ca(l,POc^M + £Bx. 
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By arbitrariness of P, one gets 


Ua(l,P)c / M + eBx 

Tt J T 


p 


where P ranges over all the possible partitions of T. By arbitrariness of £ > 0 and compactness of 
Jj-M, it is obvious that 



p 

and so the necessity is proven. Observe that, since J^M is closed, the inclusion 



follows from the last formula. In order to finish the proof, it only remains to prove the reverse inclusion, 
assuming that M is Gould integrable. To this aim, fix £ > 0 and any partition PofT such fhaf 



holds, for all partitions P' finer fhan P. Then 



Then, by arbifrariness of £, fhe desired inclusion follows. ■ 

Now, assuming fhaf M is infegrable, fhe additivity of ifs integral mapping Mq will be proven fo- 
gefher wifh fhe equivalence befween fhe infegrabilify of posifive functions / wifh respecf fo M and 
wifh respecf fo Mq, af leasf when / is bounded. So, af leasf for bounded posifive mappings /, infegra¬ 
bilify wifh respecf fo M is equivalenf fo infegrabilify wifh respecf fo an additive mulfimeasure (wifh 
fhe same infegral). 

Furthermore, since fhe embedding fheorem apply, M will be always idenfified wifh Um, so fhaf M 
will denote a single-valued mapping, faking values in C(fl) and so all fhe resulfs given in Section |4] 
could be applied fo M. 

• From now on fhe mulfisubmeasure M will be always assumed of bounded variafion and safisfy- 
ing fhe condifions in Theorem 15. 101 so fhaf M is integrable in ck{X). 

Firsf of all, observe fhaf, in fhose condifions, dM exisfs, for every sef A E essenfially wifh fhe 
same proof of Theorem l5.10l Nexf, 

Proposition 5.11 In the conditions above, the function Mq, defined in si as Mq[A) = dM, is addi¬ 
tive. 

The proof is quite similar to that of Proposition 14.81 so it is omitted. 

Now, notice that, under the above conditions, the C(fl)-valued measure Um^ — Um (which is non¬ 
negative, of course) has null integral. This almost immediately implies the following result. 

Theorem 5.12 Let M be any multisubmeasure as above, and f :T ^ Mg any bounded mapping. Then 
f is M-integrable if and only if it is Mo-integrable, and the integrals coincide. 
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Proof. Assume that / is integrable with respect to M. Then it is t/yv^-integrable, and 

U = J^fdUM. 

Now, it is sufficient to apply Corollary 14. 11 I to deduce that / is integrable also with respect to Um^, with 
the same integral, so 

U = J^fdUM = J^fdUM,, 

which also shows that fj- fdUMo is in the range of U. Thanks to Theorem l5.8l this is enough to conclude 
that / is integrable with respect to Mq and the two integrals agree. A reverse argument shows also the 
opposite implication, so the proof is complete. ■ 

Also integrability on measurable subsets can be deduced, in a usual manner. 

Proposition 5,13 LetM : s/ —> ck{X) be any multisubmeasure of bounded variation, and f '.T ^ Mg 
be any Gould-integrable mapping with respect to M. Then, if A is any fixed element of £/, the mapping 
flA is integrable too. 

Proof. It is analogous to Proposition 14.31 ■ 

The following result will be used later. 


Proposition 5.14 Let M \ ck{X) be any integrable multisubmeasure, with bounded variation. 
Then, ifMo denotes its integral measure, Mq has the same variation measure as M. 


Proof. Fix arbitrarily A € and denote by i^{A) the family of all finite partitions of A. Then, thanks 
to Theorem IS.lOl 

Mo(A) =c/(U{Im(B,) : {Bif G ^{A)}). 
i 

In particular, M{A) C Mo(A), and, for any partition (B,), in ^(A), one has 

i i 


This clearly implies that vm{A) < vmq(A). Conversely, fix any £ > 0 and A G s/. For every parfifion 
P = G lf^{A), and every index i, since M is infegrable, fhere exisfs a parfifion P, = {B\ j)j G 

) such fhaf 




lAf(B'j) 


+ e/N<Y^\M{B\^j)\h + £/N 
h j 


and so 


I |Mo(B,-)k < IL MBG) f + £< vm{A) + e. 
i i j 


By arbifrariness of P G ^(A) and of £ > 0, if follows 


vmo(A) < vm{A). 


In fhe sequel, assume fhaf jz/ is a a-algebra. Lef also F -^ck{X)be any fixed mulfisubmeasure. 
Following 1121112611 fhe a-approximafe range is defined in fhe following way: 
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Definition 5.15 For a > 0 and E € s/, let Ay{E, a) be the a-approximate range defined by: 

Ar(F,a) = {r G [0,+oo) : h{T{H),rM{H)) < avM{H),'iH G s^EE}. 

Remark 5.16 Observe that, by Theorem 15.61 using the embedding U, it is possible to formulate the 
a-approximate range in the following way: 

Ar(F,a) = {r G [0,+oo) : ||f/r(//) - rf/M(//)||oc < am(//),V//G i/OF}, 

where m := Um- In fact /j(r(//),rM(//)) = ||f7r(^) — ?'t4f(^)||~ and m{E[) = sup^,-1 |I/m(£',■)|| oo = 
^upY.iW{Ei)\h = VM{tl). 

Theorem 5.17 ( ll2^ Lemma 3.3]) Let T \ s/ ^ ck{X) be a multimeasure such that F -C vm (i-e. 
Ve >0, 35(e) = 5 > 0 such that for every E ^ s/ with vm{E) < 5, it follows vy{E) < e). Then, for 
every a > 0, the property ”Ay{E, a) 7 ^ 0” Is VM-null difference. 

Theorem 5.18 Let P be a vm-huII difference property such that P is VM-^xhaustive on T. Then there 

exists {Bi)i a VM-exhaustion ofT, such that every Bi has P and T = IJ^i- 

i 

Proof. Since P is VM-exhaustive on T , there exists (£',),g/ a VM-exhaustion of T, such that every F,- has 
P. Thus 

no 

Ve > 0,3no{e) =no such that vm(T\ [Jf,-) < e. (3) 

;=i 

Let Eq = T\\J Ei- From the previous inequality it results vm{Eq) = 0. Let {Bi)i^j be the family of sets 
iei 

defined by: Bi = EqUEi G s^,Bi = Ei ^ sT for i > 2. Then vm{Bi) = vm{Ei) > 0 since vm{Ei) < 

vm{Bi) < vm{Ei) + vm{Eq) = vm{E]_) and vuiBi) = VM{Ei) > 0,V/ > 2. Obviously, T = (JB;- It is 

iei 

no no no no 

[J Bi = EqU [J Ei. Since vm{T\ |J Bi) < vm{T\ |J Et) < £, then {Bi)i^i is a VM-exhaustion of T. 

r— 1 i— 1 i— 1 i— 1 

Now, for every i >2, Bi = Ei has P. So, it only remains to prove that Bi has P. By the relations: 

Bi/AEi = (FoUFi)AFi = Eq\E\ CIEq^O < vm{B\/\Ei) < vm{Eq) = 0, 

it follows that vm{B\ILE\) = 0. Since P is VM-null difference and E\ has P, one concludes that B\ has 
P. ■ 


Definition 5.19 A multimeasure F : j?/ — ck{X) is said to be strongly absolutely continuous (or 
scalarly dominated by vm, ll32l l with respect to M if there is a constant 5 > 0 such that |r(P)|/j < 
bvM{E), for every E G ^. 

Lemma 5.20 (see |[2^ Lemma 2.9] for semivariation). Eor every P G .e/ with vm{E) > 0, there exists 
B ^ HE, such that vm{B) < 2|M(P)|/,. 

Proof. By contradiction, there exists an element E G with vm{E) > 0 such that vm{B) > 2\M{B)\h 
for all measurable sets P C P, with vm(P) >0. Fix£ > 0 arbitrarily and pick a disjoint family Bi, 
of measurable subsets of P, such that VM{Bi) > 0 for all i and |M(P,)|/, + £ > vm{E). Since vm is 
additive, from the contradiction assumed we obtain 

vm(P) = £vm(P,') > 2£ \M{Bi)\h > 2vm(P) -2£. 

i i 

Since £ is arbitrarily small it follows that vm{E) < 0, contradiction. ■ 
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Theorem 5,21 [Radon Nikodym] Let M and T be two multisubmeasures with bounded variation with 
values in ck{X), satisfying the conditions ofTheorem \5.10\ Suppose moreover that T is additive and 

r is strongly absolutely continuous with respect to M\ 

for every £ > 0, the set property ”Ar{E,e) 7 ^ 0” is VM-exhaustive on every £ € ^ with 
vm{E) >0. 

Then there exists an M-integrable bounded function f :T ^ Mq such that for every E ^ it is 

r{E) = [ fdM. 

Je 

Proof. Thanks to Theorems 15.81 and 15.121 it will be sufficient to prove that, for the single-valued 
mappings Uy and Umo, there exists a bounded measurable Radon-Nikodym derivative /. Indeed, the 
strong absolute continuity of F with respect to M implies the same property with respect to Mq, since 
t’M = vmo by Proposition 15.141 Of course, then the single-valued additive mapping Ur is strongly ab¬ 
solutely continuous with respect to Umo ■ Now, it will be proved that F and Mq satisfy the condition of 
exhaustivity of the property “Ar(£', £) / 0”. To this aim, the notation Ar.M(F, £) will be used, in order 
to stress the role of M in Ar(£',£). Then, assuming that the set Ay^m{E,£) is nonempty, it turns out 
that also Ar,Mo {E,£) is nonempty. Indeed, let a > 0 and r G Ay^m{E, £) be fixed. Then, for every mea¬ 
surable H C E, there exists a finite partition {Hi of H, such that /z(rMo(//), < a. 

Now, one has 

/ / I 

h{T{H),rMQ{H)) < h{T{H),rY,M{Hi)) + a = h{Y^T{Hi),rY,M{Hi)) + a< 

!=i (=1 ;=i 

/ / 

< £ h{T{Hi),rM{Hi)) -k a < £ £ -k a = £vm{H) + 0 = evu^ {H) + o. 

!=1 1=1 

Since a is arbitrary, this shows that r G Ay^Mo{E,£), and, in turn, this implies the exhaustivity of the 
property “Ar(£',£) 7 ^ 0”. also with respect to Mq. Of course, since U is an isometric embedding, also 
the measures U (F) and U {Mq) enjoy the same properties of absolute continuity and exhaustivity. Once 
a bounded measurable Radon-Nikodym derivative / has been found, for Uy with respect to then 
one has integrability of / with respect to Mq by the Theorem [5^ and 

U = J^fdUM, = Uy{E), 

while 

[ fdMQ = [ fdM, 

Je Je 

holds true for every measurable set E thanks to Theorem [5A2] So, for all F G .e/ one has 

u(^jjdM 

and therefore J^fdM = T{E). So, the main task now is to find a bounded measurable mapping /, 
derivative of Uy with respect to Um- In this part of the proof, the notations Uy = Y and Um = m 
will be adopted. Denote by b the positive number related to strong absolute continuity. Obviously, 
from 15.2fi ll it follows y <^m. Since I5.2T1 21 there exists {Ei)i^j a m-exhaustion of each E ^ with 

m{E) > 0 such that E = {fEi and Ay{Ei,E) 7 ^ 0,V/ G I. Following the same lines as in Il23l Lemma 

i€l 

3.1], one finds a sequence a G N”, of m-exhaustions of T such that: 
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lElIla) /0, yaeW,neN, 

11211b) , where ),• is a ni-exhaustion of E'^, for every a € W,n G N, 

I5.21l c) for every « G N, it holds T = \J and {E")a is a m-exhaustion of T. 

aeN" 

Let /„ = Y.r"a'XE"a, where G Ay(£'" ,2^"), Va G N", n G N. 

a 

Since £Ay{E^,2^’'), it results: 

\\Y{H)-t^^m{H)\\^<2-''m{H), \/He^,HcE"^. (4) 


By Lemma 15.201 for every £■", there is G .e/, C E^ such that 0 < < 2||m(B” )||oo. Now, 

from dUl it follows: 


K\ = 


+ 


1 

lly(g'A)ll- 

\\fn{B^a)\\ 


Va^{K)\U < 

||m(B")l|„ 


< 


+ 


1 

2||y(fi"«)ll 


- y{K)\U + 

■ <2^-'' + 2b<\+2b. 


So, IrJ^I < 1 + 2b, forall a G N”,n G N, which implies that the sequence (/„)„ is uniformly bounded. 


Let n G N. From l5.2T] cl it results: for each e > 0, there are ai,..., G N" such that m ^r\ |J J < 

£ and osc{fn,E^) = 0, for every i = 1,... ,«£. Thus f„ is m-totally measurable and m-integrable, also 
thanks to Proposition |431 

The sequence {fn)n is uniformly Cauchy as will be proven now. Let G < n be fixed. Letting 
a run in N^, and {3 in one can write 


A - L 4 • , fn- Yj ■ 

a {a.p) 


Since (F” p)p is a nr-exhaustion of Ej^, then: p €Ay,{E^,2 and 

1''“ “ ''“■o' = ||„(B»J||„ II<4 - S 








-2^^^ < 2^^^. 


So, for every £ > 0, there exists no{e) = uq G N such that: 

\fk{t)-fn{t)\ = \>i,p-rl,p\<2^^^<e, \fk,n>no, k<n, (5) 

which shows that the sequence {fn{t))n is Cauchy in M, uniformly in t G T. So there exists the limit 
f(t) = lim fn{t), for every f G T, and then / is measurable. From (l5]l and the definition of / it results: 


|/„(0-/(0l<2^~", VtGr,nGN. 


( 6 ) 


It follows that / is bounded and m-totally measurable. Thanks to the mentioned result by ifT^ Theorem 
2.16], / is m-integrable. Then, uniformly in F G jz/ it is 


lim 

n^oo 



oo 


< 


lim sup \ff,{t) — f{t) \ ■ m{E) < lim 2^ 


—n 


m(r) =0. 
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Thanks to Proposition 14.5 1 one has 


fndm= Y, 




fndm. 


(V) 


Let E ££/ and £ > 0. From the absolute continuity (in the sense £, 5) of 7 with respect to m there is 5 > 
0, such that for every A £ sisf with m{A) < 5, it holds || 7 (A)|| < 4^^£. Since the family {E riE^)aeN’’ 
is a m-exhaustion of E, for such 5 > 0, there is ^ G N such that 


m 


F\U(^nF”) < 5, with the notation N = {q,... ,q). 


a<N 


From (jTll and ([ 8 ]l, there is ui G N such that 2 ’^'m(T) <4 and, for each n>ni. 


<4 ^£ 


/ fndm - / fdm 
IE JE 

Y [ fndm- [ fndm = Y [ /, 

X<iN ^ (X<N ^ 


( 8 ) 


(9) 


dm 


<4 's. 


Then both inequalities in (|9l) imply 


f fdm 

< 

y{e)-y{ U(^nF")) 

JE 

00 

^a<N 2 


+ 


( 10 ) 


+ 


+ 


a<N 


y { U(^nF^))-£rXFnF«) 


a<N 


+ 


Y rainiEDEl)- j fndm 

a<N 


+ 


fndm— / fdm 

i Je 


< 


7 F\U(^nF« 


a<N 


+ 


7(U(^nF«))-£r"X^nF”) 

a<N a<N 


+ 


From the absolute continuity of 7 with respect to m one has 


7(F\ U (£nF")) 

a<N 


<4 ^£ 


( 11 ) 


and bv l5.211 al 


Y YiEnE'^)- Y rlm{Ef^El 


a<N 


a<N 


< Y ||7(£nF^)-4m(FnF”)L< 


a<N 


< Y 2-’^m{Er\E^) = 2-'^m{E) 


( 12 ) 


a<N 


So from the previous inequalities (fTOl) . (fTTI) and (fT2]) it is 


YiE)- [ fdm 
Je 


< £, 


for all £ > 0, which implies 7 (£') = f^fdm, for every E G . So, using also Theorem 15.121 it was 
proved that 


Ur{E) = [ fdUM, = [ fdUM = u( [ fdM 

fJ E V E \ V E 


E{E) = 


fdM. 


and by the Theorem l5.6l 
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